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Abstract--The comparative analysis of the influence of the effect of non-linear mass transfer and the 
Marangoni effect on the mass transfer kinetics and the hydrodynamic stability are done. Co-current gas 
and liquid flow in the laminar boundary layer along the flat phase surface is considered. One of the 
components of gas is absorbed by the liquid and reacts with a liquid component. The chemical reaction 
rate is of first-order. The heat effect from the chemical reaction creates a temperature gradient, i.e. the mass 
transfer together with a heat transfer can be observed. The data for heat and mass transfer coefficients are 
obtained. The critical Reynolds numbers, corresponding wave velocities, and wave numbers are obtained. 

~) 1997 Elsevier Science Ltd. 

INTRODUCTION 

Intensification of  mass transfer in the industrial gas-  
liquid systems is obtained very often by the creation 
of  large concentration gradients. It can be reached in 
a number of  cases as a result of  a chemical reaction of  
the transferred substance in the liquid phase. The heat 
effect of  the chemical reactions creates significantly 
high temperature gradients. The temperature and con- 
centration gradients created can considerably affect 
the mass transfer kinetics in gas-liquid systems. 
Hence, the experimentally defined mass transfer 
coefficients are significantly different from the ones 
predicted by the linear theory of  mass transfer. 

It has been shown in a number of  papers [1-7], 
that the temperature, and the concentration gradients 
directly tangentially to the interface, can create a inter- 
facial tension gradient. As a result of  this a secondary 
flow is induced. The rate of  the induced flow is directed 
tangentially to the interface. It leads to a change in 
the velocity distribution in the boundary layer and 
therefore, to a change in the mass transfer kinetics 
and hydrodynamic stability of  the flow. These effects 
are considered to be the Marangoni  effect and used as 
an explanation of  all experimental deviations from the 
linear theory of  the mass transfer, where the hyd- 
rodynamic of  the flow does not depend on the mass 
transfer. 

The investigations of  gas-l iquid systems with inten- 
sive interphase mass transfer as a result of  large con- 
centration gradients show [8-24] that under these con- 
ditions the secondary flow is induced normally 
directed to the surface. It leads to ' injection' or 'suc- 
tion'  of  a substance in the boundary layer, therefore, 
to a change in the velocity distribution in the layer 
and the mass transfer kinetics and hydrodynamic stab- 
ility of  the flow. This effect of  non-linear mass transfer 

can explain a number of  experimental deviations from 
the linear theory of  mass transfer [21], which have 
been explained with the Marangoni  effect. 

The two above-mentioned effects (the Marangoni  
effect and the effect of  non-linear mass transfer) can 
manifest themselves separately, as well as in a com- 
bined effect. That  is why their influence on the mass 
transfer kinetics and the hydrodynamic stability 
should be compared. 

MATHEMATICAL MODEL 

Co-current gas and liquid flow in the laminar 
boundary layer along the flat phase surface will be 
considered. One of  the components of  gas is absorbed 
by the liquid and reacts with a liquid component.  The 
chemical reaction rate is of  the first-order. The heat 
effect from the chemical reaction creates a temperature 
gradient, i.e. the mass transfer, together with a heat 
transfer, can be observed. Under  these conditions the 
mathematical  model takes the following form : 

0uj 0uj v 02uj ~uj c~v, 
u, ~ + c, ~ = , ~>.2 ~x + ~_v = 0 

~?cj c?G = D ~2Cj 
Ui e~ + vj @ i/~>,2 - ( - / -  1)kcj 

~,tj 0t~ #2ti + ( j _  1) q 
uj O.v + v, Ok ~ ,  = a~ Oy2 p,Cpj kcj; 

j = 1--gas, i = 2-- l iquid.  (1) 

The influence of  the temperature on the chemical reac- 
tion rate is not  considered in equation (1) because it 
does not  have a considerable effect on the comparative 
analysis of  these two effects, which are the subject of  
the present investigation. 
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NOMENCLATURE 

A dimensionless wavenumber fir 
a thermal diffusivity [m 2 s 1] /2~i 
C dimensionless phase velocity fl/~ 
c concentration [kg mol m 3] lr 
Cp specific heat [J kg ~ deg -1] 2 
D diffusivity [m 2 s -~] 
i imaginary unit 
k chemical reaction rate [ms ~] p 
k~ mass transfer coefficient [m s ~] a 
k, heat transfer coefficient [m s-1] X 
M molecule mass [kg kg 1 mol i] 
q heat effect of  the chemical reaction 

[J kg i mol l] Indices 
t temperature [deg], time 0 
u velocity in x-direction [m s ~] 1 
v velocity y-direction [m s ~] 2 
x coordinate Ira] * 
y coordinate [m]. r 

Greek symbols i 
wave number  [m -I] 

the circle frequency 
increment factor 
phase velocity 
3.14 
heat-conductivity coefficient [J.s m 2], 
wavelength [m] 
dynamic viscosity [N (m.s. deg) ~] 
density [kg m 3] 
interfacial tension [N m-~] 
Henry constant. 

for a boundary  value 
for gas 
for liquid 
for interface 
for the real part of a complex 
number  
for the imaginary part of a complex 
number. 

The boundary conditions of equation (1) determine 
the potential gas and liquid flows far from the phase 
boundary. Thermodynamic equilibrium and the con- 
tinuity of velocity and the flux of momentum,  mass 
and heat fluxes can be detected on the phase bound- 
ary. It has been shown in ref. [18] that in the gas-  
liquid systems the effect of non-linear mass transfer is 
located in the gas phase. Taking into account these 
considerations, the boundary  conditions take the fol- 
lowing form : 

x = 0 Uj = ~/j0 Cl = C10 C2 = 0 tt = to 

y -~ O0 U I = U l O  C 1 = CI0 tl = to 

.}' ---4- - -  (3(3 ///2 = / ' / 20  C 2 = 0 t 2  = to 

8b/I ~b/2 (~O" 
y = O  u~ =u2 t 1 ~ = 1 ~ 2  (?y Ox 

MDt Oc~ 
v2 = 0  v l -  P*0 ~)' 

cl = Zc2 D1 p* ~cl 8c2 P*o Oy - D2 ~ f  (p* = p*o + Mc*) 

t I = l  2 
, 8 t l  , 0 t 2  
,% 8)~+plCplVltt = Z2~y j =  1,2. (2) 

At a high enough value of Co, one can observe a 
large concentration gradient normally directed to the 
interface (ScdOy)y=o, which induces a secondary flow 
with the rate v~. The tangential concentration and 
temperature gradients on the phase boundary create 
the interfacial tension gradient : 

~ a  ~ a  6~C2 (90" C3t2 
+ (3) 

8x &'2 0x 8t2 8x 

which induces a tangential secondary flow, whose rate 
is proportional to ~a/Ox. Further, we will examine the 
substance which are not surface active, i.e. 8a/&'2 ~ O. 

HEAT AND MASS TRANSFER KINETICS 

The mass transfer rate (Jc) and the heat transfer 
rate (Jc) can be determined from the local mass (Ic) 
and heat (13 fluxes after taking the mean of these 
fluxes along a length (/) of  the interface : 

lfo Jc = kcco = ~ lc dx 

/ c -  p~o \ay/,=o 

'f0 J ,=k,  t0=~ I, dx 

I t = -2,\@]~.=o+P,Cp,(V,t,)v__ o (4 )  

where c~ and t~ are determined after solving the prob- 
lems (1)-(2). In order to do this the following dimen- 
sionless variables will be introduced : 

x = l X  y = ( - l y + ( 6 j Y j  6 j =  
~/ Hi0 
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u/ = ujo G(x, Yk 

~,~ = (-  ly+'U~o ~ vj(x, YD 

c, = (-z) '  %C~(x, Y) 

tj = t 0 + ( -  ly+' toT/(X,  Y,) j = 1,2. (5) 

Introducing equation (5) into equations (1) and (2) 
leads to the following equations : 

~u, ~u, ~u, au, ~vj 
U ' ~ + V ' o Y ,  a Y e '  8X + ~Yj = 0  

U g)Cj (?Cj 1 72C/ 
' o x + V ' ~  Sc, Sy.~ ( j - 1 ) D a C /  

8T~ V c~T~ 1 (?2Tj 
U , ? . ~ +  , ~ ,  Pr, 8y~ + ( j - 1 ) Q D a Q  j =  1,2 

(6) 

where 

kl qco v s 
Da = - -  Q - S c / =  

U20 ~p2Cpzto 

Pr,=--v* J =  1 ,2 .  
a/ 

The boundary conditions of equations (6) have the 
following form : 

X = O  U~= 1 C, = 1 

Yi --+ co U I = 1 

Y2 --+ oo U2 = 1 

Y1 = Y2 = 0 Ui = O1 U 2 02 

C 2 - - 0  T~=O j = 1 , 2  

C~ = 1 T~ = 0 

C2 = 0 T 2 = 0 

8U1 8U2 ~-0 8T2 
O y, - c~ y2 4 

- o  ac, V 1 = 30y l  V 2 = 0  C1-~-C2 = 0  TI+T2 = 0  

8C, (?C2 0 ~GT, _ OTz (8) 
Os BY1 OY2 6 63y1 - -  8Y2 " 

The effect of convective transfer in equation (8) is 
omitted as a small of higher-order, while parameters 
0 have the following form : 

01 
b/200 02 = 1~1 Y/~2 (U20~ 3/2 
/'/10 ]'/2 ~/ YI kUlO¢ ] 

8a 
Y/~2ol 03 -- Mco (04 < O) 

to 
04 -- (~t2 U20U2 p*oSc~ 

D, p* [UloV 2 =2 ,  
05 = D2 Pl0 ?U2oV~ 06 X - - Z ; -  - -  2~ ~/U2oV~ 

From equations (4) and (5) we can obtain directly 

the expressions for the Sherwood and Nuselt num- 
bers : 

kd ,/k~T I ~ /~c, ~ Sh -- ~ = M (I + 0 3 S c , C * ) [ ~ ]  dX  
\c'/" ~,]r, =o 

Nu - k f l -  Re, l i ' ( S T ' ]  dX  
2, , \ 8 g l ] r . . o  

+03Prl f(i (l-I- f* l ) t~ l )G=odXJ 

C* = C, (X, 0), ~ = T, (X, O) 

ulol u~ol (10)  Re~ - Prl = 
v~ D~ 

NUMERICAL METHOD 

The problem (6) with the appropr ia te  set of bound-  
ary conditions can be solved conveniently using the 
following algori thm : 

U~ k) 8u~k) ~yk )  ~ -  + v~ ~) O~-u~ ~ (~u~ ~) ,~v~  
, -  ~r~ ~x + ~ : 0  

X = 0 U~ k) = 1 

(7) dC]k-. 1) 
Yt = 0  U~ k)=OtU(2 k 1) V~ k)= - 0 3 - -  

OY~ 

Y I - + ~  (Y1 ~ YI<~) U~ k)= 1 

0~ <X~ <I  0 <<. Y1 <<. Yl~ 0 1 = 0 . 1  YI~ = 6  

(at the first i teration 0~ = 03 = 0) .  (11) 

(~. ('~U~ k) 8r:(k) 82U~-) 8U~ k) 8V(2 ~) a_ V(k) ~2 _ + 0 
u 2 ' ~ X - ' ' 2  at2 ar~ ~x ~ =  

X = 0 U(2 k) = 1 

o<" o2FVV] r2=o a r ~ -  t , 7 ~ - ,  ] , ,  =o 

-]-0 ( ( ~ T ( k - 1 ) ~  V(2 k) = 0 

Y2 -* oc (Y2 /> Y2~) U~ k, = 1 

O~<X~<I  0 <<. Ya ~ Y2~ 0 2 = 0 . 1 4 5  Y2~ = 6  

(at the first i teration 04 = 0) .  ( 12 )  

8C ~ (?C~ k) 1 8C~ k) 
U~ k) 

8)( +VI  8Yt Scl 8Y~ 

X = 0 C] k) = 1 

Y~ = 0 C] k) = --C~2k-')(X,O) 

(9) Y~ ~ ( Y l  /> 17~) C] kJ = 1 

O <~ X <. 1 0 <~ Yl <~ Y1 Scl =0.735  I71 = 7  

(at the first i teration C~ k)(X,O) = 0). (13) 
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7-£- + v'# 
~C(2 k) 1 (~2c(k) 

~Y2 Sc2 ?~Y{ 
DaC~ ~') 

X = O  C~) = 0 

Y2 = 0  
ec . o (ec% 
0 Y2 \}Y~J:,", =0 

Y 2 - ~ ( Y 2  ~> 172) C~ k ) = 0  

0 ~ < X ~ < I  0~< Y2~< 172 

Sc2 = 5 6 4  Os = 18.3 172 = 0 .2 6  Da= 10. 

(14) 

0T~ k) OT] k~ l ~2 T]k) 

c. YT 

X = 0 T~ ~) = 0 

JI = f ' (~CI~ dX 
J, , \c9 Y,/v,=o 

= d ,  
" £ \aY,}¢,=o 

£~ /#C1\  
J4 = , T, (X, 0) \~''/{'~ ~-}y, =0 dX. (17) 

The introduction of equation (17) into equation (10) 
allows the determination of the Sherwood and Nuselt 
numbers : 

Sh = M x f ~  (JI -l-03SClJ2) 

Nu = --x/Rel  [J3 +03Pr, (Jr +J4)]. (18) 

Y, = 0 T~ k) :- T~2k-~)(X,O) 

Y, -+o¢(Y, >1 Y,) T~ k) = 0  

O ~ X ~ 1 O ~ YI <~ YI Prl =0.666  Yi = 7 . 4  

(at the first iteration T~2 k~(X, 0) = 0). (15) 

rr(k) 2 v(k)~. 2 - +QDaC~k) 
,~2 ~ X -  + ' 2  oY2 - P r 2  ~y~ 

X = 0  T~ ~ = 0  

Y~ = 0 OT~) = 06( ~T~}\ 
OY2 \ ~ 1  )v,=o 

Y2--+oo(Y2 >~ 92) T (k~2 = 0 

Pr2 =6 .54  06 =0 .034  Y2 = 2 - 4  QDa=8.6.  

(16) 

Certain values of the parameters in equations (11)- 
(16), as well as those to the end of the research, are 
calculated for the process of absorption of NH3 in 
water or water solutions of strong acids. 

The solution of equations (11)-(16) allows the 
determination of 

NUMERICAL RESULTS 

The results obtained by solution of problems (11)- 
(16) are shown in Table 1. The comparison of values 
of J, (k = 1 , . . . , 4 )  shows that the rate of mass and 
heat transfer depends sufficiently on concentration 
gradient (83) and in the cases of absorption (83 = 0.2) 
and desorption (83 = - 0 . 2 )  the mass and heat trans- 
fer coefficients are different with about 10% from the 
linear theory predictions (83 = 0). The influence of 
interfacial tension gradient is insufficient under real 
conditions (0 < 04 < 1). The increase of this par- 
ameter does not affect the heat and mass transfer 
kinetics. 

LINEAR STABILITY ANALYSIS 

In a great number  of papers [1 7, 25] it has been 
shown that the tangential flows (as a result of  inter- 
facial tension gradients) have a considerable effect on 
the hydrodynamic stability upon the interface and the 
flow in the boundary layer. The induction of normal 
flows (due to large concentration gradients) have an 
effect of ' injection' or 'suction' of fluid in the boundary 
layer, which also changes the hydrodynamic stability 
in the boundary layer [18, 26-29]. It has been shown 

Table 1. Values of average mass and heat fluxes (Da = 10, 0, = 0.1, 02 = 0.145, 
05 = 18.3, 0n = 0.034) 

I. 0 0 0.5671 0 . 0 9 7 2 1  --0.01855 0.01337 
2. 0.2 0 0.6129 0 . 1 1 1 5 5  -0.02143 0.01554 
3. -0 .2 0 0.5274 0.08542 -0.01623 0.01162 
4. 0 10 4 0 . 5 6 7 1  0 . 0 9 7 2 1  -0.01855 0.01338 
5. 0 10 -3 0 . 5 6 7 1  0 . 0 9 7 2 1  --0.01855 0.01337 
6. 0 10 2 0.5670 0.09718 -0.01857 0.01339 
7. 0 10 i 0 . 5 6 5 8  0.09696 -0.01879 0.01364 
8. 0 1 0.5658 0.09696 -0.01879 0.01364 

No. 03 04 J[ J2 J~ J4 



in ref. [28] that changes in the normal component of 
the velocity on the interface influence hydrodynamic 
stability stronger than changes in the tangential com- 

ponent. 
The results obtained, solving equations (1 l)-( 16), 

give the opportunity to define the influence of the non- 
linear mass transfer and the Marangoni effect on the 
hydrodynamic stability of the flow in the boundary 

layer. 
The linear analysis of hydrodynamic stability of the 

flows in the laminar boundary layers will be con- 
sidered in the approximations of almost parallel flows. 
Flow with the velocity components u(x, y) and v(x, J?) 
substituted with periodic disturbance with infmi- 
tesimal amplitude : 

z? = G’(y) exp i(ax--bt) 0 = -&G(y) expi(crx-fit) 

(19) 

where 

‘3 
0.15,. I, I, I,, .,.,,I, I, I, 

400 600 800 1000 1200 1400 1600 1800 2000 2200 2400 

Re 

e,=o, 8, = 0 (1); 
0, = 0, 0, = 0.2 (2); 
e4 = 0, 
e4 = 10‘4, 

es = -0.2 (3); 

e4 = IO-~, 
e,= 0 w: 

e4 = -IO-~, 
e3= 0.2 (0); 
8, = 0.2 (+); 

e,=-lo-', 0,=0 (a; 
e,= -1, e,= 0 W 

x=F /?=/?r+i/?, 
B Da = 10, 8, = 0.1,e, = 0.145, e5 = 18.3, 8, = 0.034 

~ = c, - ic,. (20) 
cl Fig. 1. The neutral curves of stability (Re,,A,) for flows 

of gases in the laminar boundary layer (Da = 10, 0, = 0.1, 
Q2 = 0.145, Bs = 18.3, 0, = 0.034). 

It can be seen directly from equations (19) and (20) 

that the disturbance amplitude will grow when p, > 0 
and damps when /I, < 0. 

It has been demonstrated in ref. [26] that the ampli- 
tude of the periodic disturbance G(v) satisfies the 
equation of Orr-Sommerfeld type : 

y=O G=O G’=O 

y-+cx G=O G’=O. (21) 

The analysis of the flow stability can be done 
directly if dimensionless variables are introduced into 
equation (21) : 

where 

1. 0 0 800 0.357 0.4503 
2. 0.2 0 1411 0.329 0.4187 
3 

4: -0.2 0 10~ 0 
0.4763 

4 800 512 0.382 0.357 0.4503 
5. 0 10 3 800 0.357 0.4503 
6. 0 10 L 800 0.357 0.4503 
7. 0 IO ’ 

C, = -!!I- A, = Q, ,&,, = Uiclb, = 
799 0.356 0.4505 

8. 0 1 799 0.356 0.4505 

zlUiO “1 
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y,(Y,) = G(y) .i= 1,2. (23) 
X-l 

CRITICAL REYNOLDS NUMBERS 

The solution of equation (22) has been found as it 
was done in refs [2629], as a result the neutral curves 
of stability have been obtained (Fig. 1). The critical 
Reynolds numbers Re,,, corresponding wave vel- 
ocities C,, and wave numbers A are obtained. C,,,, 

and A,,, are also obtained from these results. We 
denote C,,,, and A,,, the minimal values for wave 
velocities and wave number at which the flow is stable 
at any Reynolds number Re, respectively. They are 
shown in Table 2 for different values of the parameters 

Table 2. Values of the critical Reynolds numbers Re,,, cor- 
responding wave velocities C,, wave numbers A and C,,,,, 
A,,,, (Da = 10,.9, = 0.1, f& = 0.145,& = 18.3, /!I,, = 0.034) 

No. 8, 6 Re,, 4nax rmtn C 
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03, 04, taking into account  the intensity of  the sec- 
ondary  flows, as a result of  concent ra t ion  gradients  
and tangent ial  tempera ture  gradients.  

RESULTS AND DISCUSSION 

The numerical  analysis of  the influence of  the effect 
on non- l inear  mass  t ransfer  and  the M a r a n g o n i  effect 
on the mass t ransfer  kinetics and  the hydrodynamic  
stability in gas- l iquid systems leads to some basic 
conclusions : 

(1) In the cases of  absorpt ion ,  the increase in intensity 
of  the mass t ransfer  directed from the volume of  
the gas phase toward the phase bounda ry  (03 > 0) 
leads to an  increase of  the mass t ransfer  rate ( J0  
and an increase of  the critical Reynolds numbers  
(Re~r), i.e. stabilize the flow. 

(2) In the cases of  desorpt ion the increase in intensity 
of  the mass t ransfer  directed from the phase 
bounda ry  toward the volume of  the gas phase  
(03 < 0) leads to a decrease of  the mass t ransfer  
rate ( J0  and  a decrease of  the critical Reynolds  
numbers  (Reo~), i.e. destabilize the flow. 

(3) The rise of  the tempera ture  gradient  a long the 
phase bounda ry  length (04) leads to a decrease of  
the mass t ransfer  rate ( J0  and  a decrease of  the 
critical Reynolds numbers  (Reo~), i.e. destabilize 
the flow. This M a r a n g o n i  effect, however, is 
insufficient in gas- l iquid systems with movable  
phase boundary .  

(4) The flow in the liquid phase is globally stable. 
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